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ABSTRACT
We theoretically investigate a new kind of nonlinear magnetoresistance on the surface of three-dimensional
topological insulators (TIs). At variance with the unidirectional magnetoresistance (UMR) effect in magnetic
bilayers, this nonlinear magnetoresistance does not rely on a conducting ferromagnetic layer and scales linearly
with both the applied electric and magnetic fields; for this reason, we name it bilinear magneto-electric resistance
(BMER). We show that the sign and the magnitude of the BMER depends sensitively on the orientation of the
current with respect to the magnetic field as well as the crystallographic axes – a property that can be utilized
to map out the spin texture of the topological surface states via simple transport measurement, alternative to
the angle-resolved photoemission spectroscopy (ARPES).
Keywords: Topological insulator, spin-momentum locking, bilinear magneto-electric resistance, hexagonal
warping effect
1. INTRODUCTION
Beyond doubt, the giant magnetoresistance (GMR) effect1–3 is one of the most important discoveries in the
fruitful field of spintronics, which has found various commercial applications such as magnetic hard disk drives
and magnetic memory devices. The building block of these devices is a trilayer structure (also known as a spin
valve) which consists of two ferromagnetic metal (FM) layers separated by a nonmagnetic spacer. There is a large
variation in the resistance when the magnetizations of the FM layers switch between parallel and antiparallel
alignments. When a current is passing through one of the FM layers, the spins of the conduction electrons, due
to the strong exchange coupling with the local magnetic moments, will be polarized along the magnetization
direction of the FM layer (for this reason, this FM is also called a spin polarizer); the scattering rates of these
conduction electrons, when they subsequently propagate through the other FM layer, will depend on their spin
direction relative to the magnetization orientation of the FM layer, and so will the total resistance of the spin
valve. Therefore, it is the exchange interaction and the spin-dependent scattering that play the key roles in the
GMR effect.
In the past decade, both theoretical and experimental endeavors have been dedicated to realizing similar
functionalities of a spin valve in magnetic bilayer structures consisting of a ferromagnetic layer and a nonmagnetic
layer with strong spin-orbit coupling. The main idea is to use spin-orbit coupling together with structural
inversion asymmetry to generate net spin density (or spin accumulation) at the interface through the spin
Hall4–8 or Rashba-Edelstein effect.9–11 Recently, a small change in the longitudinal resistance has been observed
in several magnetic bilayer structures12–21 by reversing the magnetization direction in the presence of an in-
plane current perpendicular to the magnetization, that is to say, Rl (M, j) 6= Rl (−M, j) where Rl is the total
longitudinal resistance of the bilayer, M and j are the magnetization and current-density vectors. Note that by
symmetry, reversing the magnetization in a magnetic layer is equivalent to reversing the current direction; thus,
the magnetoresistance change must be associated with certain nonlinear current response [for this reason, the
magnetoresistance effect has been coined in the literature the unidirectional magnetoresistance (UMR)12], which
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makes it distinctly different from other linear magnetotransport phenomena previously studied in magnetic bilayer
systems such as the (hybrid) spin Hall magnetoresistance,22–25 interfacial spin-orbit magnetoresistance,26–28
Hanle magnetoresistance,29–31 nonlocal (spin Hall) anomalous Hall24,32 and etc. Several different interpretations
have been proposed to account for the UMR effect including the interfacial and bulk spin-dependent scattering
mechanism12,33,34 and the interfacial spin-flip electron-magnon scattering mechanism.15–17,20 We note that all
these mechanisms rely on one common key ingredient – the current-induced interfacial spin accumulation which
in turn alters either the spin asymmetry of the density of the conduction electrons or that of the scattering rate∗.
In this work, we theoretically investigate a new kind of nonlinear magnetoresistance originating from the
topological insulator surface states, which does not require a magnetic layer. We name this new magnetoresistance
effect as bilinear magneto-electric resistance (BMER) due to its linear scaling with both the external electric and
magnetic fields. At variance with the UMR effect, the BMER emanates from the conversion of a nonlinear spin
current to a charge current rather than the current-induced spin density. The physical picture of the BMER
is schematically depicted in Fig. 1 for the surface states of a TI with hexagonal warping:42 Due to the spin-
momentum locking of the topological surface states, electrons in the k and −k states carry opposite spins and
have opposite group velocities [i.e., v(−k) = −v(k)] . When an external electric field E is applied along certain
k direction, its first-order correction to electron distribution is known to be an accumulation of electrons in the k
states and equal number of electrons depleted in the −k states, giving rise to a charge current je = σE and a net
spin density δs ∼ zˆ×E with zˆ denoting the normal vector perpendicular to the surface, while the second-order
correction to the electron distribution, which has not been well studied, results in equal number of electrons
populated in the surface states with opposite momenta as well as spins and thus induces a nonlinear pure spin
current js ∼ E2†. When a magnetic field is applied, both the group velocity and the second-order distribution
are shifted in k-space and then the two fluxes of electrons with opposite spin orientations no longer compensate
each other, causing the spin current to be partially converted into a charge current δje ∼ E2. From an application
perspective, the BMER can be used to map the spin texture of surface states with spin-momentum locking by
simple transport measurements, which has been demonstrated experimentally on the conducting surface of the
topological insulator Bi2Se3
45 and for the two dimensional electron gas on the (111) surface of SrTiO3.
46
The remainder of the paper is organized as follows. The general formulation of the nonlinear current response
of the TI is developed in Sec. 2: We start with the model Hamiltonian for the TI surface states in Sec. 2.1 followed
by a discussion of general symmetry considerations of the system and the nonlinear current-response function
in Sec. 2.2; then we solve the semi-classical Boltzmann equation up to the second order in the external electric
field in Sec. 2.3 and present the detailed derivation of the nonlinear current response function in Sec. 2.4. In
Sec. 3.1, we use the general formula for the nonlinear response function to derive an analytical expression for
the BMER from the TI surface states in the presence of hexagonal warping, and then provide more detailed
discussions on various aspects of the BMER effect, including its dependences on the hexagonal warping (Sec. 3.2),
the momentum relaxation time (Sec. 3.3) as well as the Berry curvature effect (Sec. 3.4). Finally, we summarize
our main results in Sec. 4.
2. GENERAL FORMULATION
2.1 Model Hamiltonian
Let us start with the following model Hamiltonian for a Dirac electron in the topological surface state:
HTI = σ · [h (k) + gµBB] (1)
∗Previous studies have shown that when an in-plane current is applied in a bilayer consisting of a heavy metal and a
ferromagnet, spin accumulation will be induced at the interface due to the spin Hall effect in the heavy metal layer. In the
presence of the spin-flip electron-magnon scattering, the spin accumulation may create or annihilate interfacial magnons
in the ferromagnetic layer, depending on the way it is aligned with the magnetization (either parallel or antiparallel).
If the ferromagnetic layer is conducting, such variation in magnon density will in turn alter the scattering rate of the
electrons in the ferromagnetic layer and hence change the total resistance of the bilayer accordingly.35–41
†Similar nonlinear spin current was also proposed43,44 recently in other systems with broken inversion symmetry.
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Figure 1. Schematics of the physical mechanism of the BMER arising from the TI surface states with hexagonal warping.
Panel a: Dirac cone in a 3D TI with hexagonal warping. Panel b: Spin texture of the Fermi contour in the presence of
hexagonal warping. Panel c: Variation of the electron distribution in the applied electric field E: f1 (blue curve) and f2
(yellow curve) are respectively the corrections to the equilibrium distribution of the first- and second-order in E. Solid
arrows represent excess of electrons with spins along the arrow direction, and hollow arrows represent depletion of the
same. Panel d: When an external electric field E is applied along a certain direction in the momentum space (dash-dotted
line), a nonlinear pure spin current js(E
2) is generated at the second order in E, due to spin–momentum locking. When
an external magnetic field B is applied, the nonlinear spin current is partially converted into a charge current δje(E
2): a
high(low)-resistance state can be reached by applying a magnetic field antiparallel (parallel) to the spin direction of the
electronic states with k ‖ E, as shown in panels e and f respectively.
with σ the Pauli spin matrices, B the uniform external magnetic field, g and µB representing the g-factor and
the Bohr magneton respectively, and
h (k) = α~k× zˆ+λk× yˆ (k2x − 3k2y) , (2)
where α is the Dirac velocity, and the term cubic-in-k describes the hexagonal warping effect.42 Note that the
hexagonal warping term leads to a threefold rotational symmetry C3v, which becomes more transparent when
we rewrite h (k) in its angular form as
h (k) = α~k (sinφkxˆ− cosφkyˆ) +
(
1
2
λk3 cos 3φk
)
zˆ , (3)
where φk is the azimuthal angle of the wavevector k with respect to the x-axis.
The energy dispersion can be obtained by
εs (k) = s |h (k) + gµBB| , (4)
where s = +1 and −1 correspond to the upper and lower surface bands respectively, and the group velocity is
given by
vs (k) =
∂εs (k)
~∂k
. (5)
Note that the group velocity is odd in k in the absence of the external magnetic field. In what follows, we shall
assume the Fermi level lies in the upper band (s = +1) and thus suppress the superscript for the band index
hereafter. Also note that the Berry curvature effects on the density of states and the orbital magnetic moment
are not included since they are negligibly small when the Fermi surface is far away from the Dirac point, as we
will show in Sec. 3.4.
2.2 Symmetry considerations
In the absence of the external magnetic field, the effective Hamiltonian for the topological surface states, i.e.,
H(0)TI = σ ·h (k), is invariant under the following two operations: 1) Mirror reflection about the y-z plane, i.e., M :
x→ −x, and 2) threefold rotation C3 about the z-axis. Here, we are interested in the nonlinear current-density
response to the second-order electric field and the first-order magnetic field, i.e.,
j(2)e,a =
∑
bcd
KabcdEbEcBd , (6)
where the response function Kabcd is a fourth-rank tensor with indices a, b, c = x or y and d = x, y or z. For the
transport in the surface states, the external electric field is applied in the x-y plane (parallel to the surface of
the TI) while the magnetic field can be three-dimensional; therefore, the tensor Kabcd has 24 elements in total.
As the response function is the property of the unperturbed system, we should expect it to reflect the same
symmetries as those of H(0)TI .
First, we note that the mirror symmetry of the unperturbed 2D system requires that the tensor element
Kabcd must be zero if, under mirror reflection operation M : x→ −x, the corresponding current component je,a
changes sign whereas the product of the external fields EbEcHd is invariant, and vice versa. Without doing any
further calculation, we know the following 12 tensor elements are zero, i.e.,
Kxxxx = Kxxyy = Kxyxy = Kxyyx = Kxxyz = Kxyxz = 0
and
Kyyyy = Kyyxx = Kyxyx = Kyxxy = Kyyyz = Kyxxz = 0 .
The other 12 tensor elements could remain finite. Furthermore, arising from the threefold rotational symmetry
about the z-axis, some of the remaining 12 tensor elements have equal values, as we will show explicitly below.
2.3 Second-order nonequilibrium distribution function
Now let us examine the following single-band steady-state Boltzmann equation
Ea
~
∂f
∂ka
= −f − f0
τ
, (7)
where we have assumed, for simplicity, a constant relaxation time τ . Expand the distribution function in powers
of the electric field, i.e.,
f = f0 + f1 + f2 + ... , (8)
where f0 is the equilibrium Fermi distribution, f1 and f2 are the nonequilibrium distribution functions of the
first- and second-order in the electric field, i.e., f1 ∝ Ea and f2 ∝ EaEb. Placing the expansion (8) in the
Boltzmann equation (7) and equating terms on the left and right sides of equal order in the electric field, we get
Ea
~
∂fi
∂ka
= −fi+1
τ
, (9)
where i = 0, 1, 2, ... By solving the series of equations iteratively, we find the first-order nonequilibrium distribu-
tion function takes the familiar form
f1 = −τEa~
∂f0
∂ka
(10)
and the second-order nonequilibrium distribution function of interest can be expressed as
f2 =
τ2
2~2
∑
ab
∂2f0
∂ka∂kb
EaEb , (11)
where the prefactor 12 eliminates double counting in the summation.
2.4 Nonlinear current response function
The charge current density can be calculated via je = −e
∫
d2k
(2pi)2
v (k) f (k). It follows that the nonlinear com-
ponent of the current density of interest can be expressed as
j(2)e,a = −egµB
(eτ
~
)2 1
2
∑
k,bcd
(
∂3f0
∂kb∂kc∂hd
va +
∂2f0
∂kb∂kc
∂va
∂hd
)
EbEcBd , (12)
where we have used the relation ∂ε∂Bd
∣∣∣
B→0
= gµB
∂ε
∂hd
with hd (d = x, y or z) the Cartesian components of the
vector h(k) given by Eq. (2). Note that all the derivatives in Eq. (12) are calculated at zero external magnetic
field. Comparing Eq. (12) with Eq. (6), we identify the nonlinear current response function tensor as
Kabcd = −egµB
(eτ
~
)2 1
2
∑
k
(
∂3f0
∂kb∂kc∂hd
va +
∂2f0
∂kb∂kc
∂va
∂hd
)
. (13)
Performing integration by parts on the r.h.s. of the above equation, we get
Kabcd = −egµB
(eτ
~
)2 1
4
∑
k
f ′0
(
∂h
∂hd
∂2va
∂kb∂kc
− ∂h
∂kb
∂2va
∂kc∂hd
+ {b↔ c}
)
, (14)
where f ′0 ≡ ∂f0∂h with h ≡ |h(k)|, and {b↔ c} is the shorthand notation of two more terms that are simply
the first two terms in the parentheses with the indices b and c interchanged. Note that when the temperature
at which the current is measured is much lower than the Fermi temperature, it is a good approximation to
replace f ′0 with the delta function −δ (h− εF ) and it follows that
∫
d2kδ (h− εF ) F (k)h =
∮
FL
kdφk
2F (k)
|∇kh2| . It is
straightforward to express the derivatives in the parentheses as those of h2 or ha with respect to kb (a, b = x, y,or
z) as follows
Kabcd =
e3τ2gµB
8pi2~3
∮
FL
kdφk
|∇kh2|
{
∂abch
2
h
− 2(∂ah
2)(∂bch
2) + (∂bh
2)(∂cah
2) + (∂ch
2)(∂bah
2)
4h3
}
hd
−e
3τ2gµB
8pi2~3
∮
FL
kdφk
|∇kh2|
(∂abh
2)(∂chd) + (∂ach
2)(∂bhd)
2h
+
e3τ2gµB
8pi2~3
∮
FL
kdφk
|∇kh2|
2(∂ahd)(∂bh
2)(∂ch
2) + (∂bhd)(∂ch
2)(∂ah
2) + (∂chd)(∂ah
2)(∂bh
2)
4h3
,
(15)
where we have used the identities ∂h∂hd =
hd
h and ∂ih ≡ ∂h∂ki = ∂ih
2
2h , and have converted the summation over k to
an integral over the Fermi loop (FL) where h = εF is a constant.
3. RESULTS AND DISCUSSIONS
3.1 Bilinear magneto-electric resistance (BMER)
Inserting Eq. (2) into Eq. (15), we can calculate all the elements of the nonlinear current-response function
tensor. The results for the nonzero tensor elements are
Kxyyz = Kyxyz = Kyyxz = −Kxxxz = 3κ0
8pi
· λεF
(α~)2
Kyxxx = Kxxyx = Kxyxx = −Kxyyy = −Kyxyy = −Kyyxy = 1
3
Kyyyx = −1
3
Kxxxy =
3κ0
4pi
· λ
2ε3F
(α~)5
,
where κ0 = gµBe
3τ2/~3. All other 12 tensor elements are zero, in agreement with the symmetry analysis that we
carried out earlier. Note that in deriving these results, we have assumed that the linear term in the Hamiltonian
for the TI surface states (1), giving rise to the spin-momentum locking, is dominant over the cubic hexagonal
warping term.
Having known these tensor elements, we can write the two Cartesian components of the current density as
j(2)e,x = −c‖E2xBy +
2
3
c‖ExEyBx − 1
3
c‖E2yBy − c⊥
(
E2x − E2y
)
Bz (16a)
j(2)e,y = c‖E
2
yBx −
2
3
c‖ExEyBy +
1
3
c‖E2xBx + 2c⊥ExEyBz , (16b)
where c‖ =
9λ2e3τ2gµBε
3
F
4piα5~8 and c⊥ =
3λe3τ2gµBεF
8piα2~5 with the subscripts “‖” and “⊥ ” refer to the terms associated
with the in-plane and out-of-plane components of the external magnetic field respectively. The longitudinal
resistivity can be calculated via ρl = E · je/ |je|2 with je(= j(1)e + j(2)e + ...) the total current density. Up to the
first order in the external electric field, we obtain
ρl = ρ0 − E
[
ρ
(2)
‖ (Bx sinφE −By cosφE)− ρ(2)⊥ Bz cos 3φE
]
+O
(
E2
)
, (17)
where E is the magnitude of the external electric field E, φE is the angle between E and the x-axis, ρ0 =
4pi~2
τe2εF
is the linear surface resistivity independent of E, and the coefficients
ρ
(2)
‖ =
(
36pigµB
e~4
)
λ2εF
α5
and ρ
(2)
⊥ =
(
6pigµB
e~
)
λ
α2εF
(18)
characterize the magnitudes of the nonlinear surface resistivities for the in-plane and out-of-plane components
of the external magnetic fields respectively.
Now we are in a position to provide some remarks on the nonlinear component of the surface resistivity, i.e,
the second term on the r.h.s. of Eq. (17): 1) The nonlinear resistivity is linearly proportional to the electric and
magnetic fields. 2) The nonlinear resistivity is inversely proportional to e, similar to the regular Hall coefficient;
thus one would expect it to change sign as the type of the charge carrier changes from electrons to holes, and vice
versa. 3) The nonlinear resistivities associated with the in-plane and out-of-plane components of the magnetic
fields exhibit different dependences on the hexagonal warping, i.e., ρ
(2)
‖ ∝ λ2 and ρ(2)⊥ ∝ λ, and both of them
vanish when λ → 0, because the in-plane and out-of-plane magnetic fields play different roles in altering the
energy dispersion of the surface states. We will elaborate on this point in Sec. 3.2. 4) As shown by Eq. (18),
the nonlinear resistivity turns out to be independent of the relaxation time constant τ and only depends on
the main material parameters of the TI surface states (namely α, λ and εF ). This is somewhat surprising as it
indicates that the nonlinear resistivity is independent of scatterings. We note that this finding should be taken
with caution due to the constant relaxation time approximation made in our model calculation; we will discuss
in more details the validity of the approximation in Sec. 3.3. 5) In addition to the longitudinal component of
the nonlinear resistivity, one can also derive its transverse counterpart via ρt = zˆ· (E× je) / |je|2; in order to
concentrate on the BMER effect, we will study this nonlinear Hall effect elsewhere.47
To evaluate the magnitude of the nonlinear resistivity relative to the linear resistivity ρ0, we may define the
BMER as follows
BMER ≡ ρl (E,B)− ρl (−E,B)
ρl (E,B) + ρl (−E,B) . (19)
Placing Eq. (17) in (19) and expanding terms up to the first order in E, we get
BMER =
EB
ρ0
[
ρ
(2)
‖ sin θH sin (φH − φE) + ρ(2)⊥ cos θH cos 3φE
]
, (20)
where θH and φH are, respectively, the polar and azimuthal angles of the magnetic field, and B is the magnitude
of the magnetic field. In Fig. 2, we show the angular dependence of the BMER for magnetic field scans in x-y,
y-z and z-x planes with the electric field applied along three typical crystallographic axes.
Figure 2. Angular dependences of the BMER for magnetic field swept in the x-y, y-z and z-x planes and with electric
field applied along three typical crystallographic axes: (a) E ‖ ΓK (φE = 0◦), (a) E ‖ ΓM (φE = 30◦), and (c) E ‖ ΓK′
(φE = 60
◦). Note that in our coordinate system, ΓK is along the x-axis. Parameters used: α = 5× 105 m·s−1, λ = 165
eV·A˚3, εF = 0.256 eV, g = 2, B = 9 T and E = 100 V·cm−1.
3.2 Dependence of BMER on the hexagonal warping
As we noted earlier that the BMER’s for the in-plane and out-of-plane magnetic fields exhibit different depen-
dences on the hexagonal warping, i.e., ρ
(2)
‖ ∝ λ2 and ρ(2)⊥ ∝ λ. The two distinct dependences of BMER on the
hexagonal warping emanate from the different roles played by the in-plane and out-of-plane magnetic fields to
the surface band structure of the TI. This can be seen by rewriting Eq. (4) as follows
εs (k) = s
√
[α~ (k−δk)×zˆ]2 + [λk3 cos (3φk) + ∆g]2 , (21)
where
δk =
gµB
α~
B‖×zˆ and ∆g = gµBBz . (22)
In the absence of the hexagonal warping effect (i.e, λ = 0), we can see that an in-plane magnetic field shifts the
Dirac cone rigidly in the kx-ky plane, whereas an out-of-plane magnetic field opens up a band gap of 2∆g at
the Dirac point. Consequently, without the cubic hexagonal warping term, applying an in-plane magnetic field
would not alter the current provided the system has translational symmetry in the x-y plane, and likewise an
out-of-plane magnetic field wouldn’t do so as long as the Fermi level lies far away from the gap opened by Bz
(note that the gap is about 2 meV for Bz = 10 T and g = 2).
In the presence of the hexagonal warping effect, however, a magnetic field not only shifts the Dirac cone
and/or open up a gap, but also deforms the snow-flake-like Fermi contour accordingly, as shown in Fig. 3. It
follows that both the group velocity and the second-order distribution function are shifted in k-space in a way
that the two fluxes of electrons with opposite spin orientations no longer compensate each other, giving rise to
the BMER effect.
3.3 Dependence of BMER on the momentum relaxation time
As we have pointed out in the end of Sec. 3.1, the nonlinear longitudinal resistivity turns out to be independent of
the relaxation time τ . Here we want to emphasize that this result relies on two approximations that we made in
our calculation: 1) constant relaxation time approximation and 2) single-band contribution to the conductivity.
The constant relaxation time approximation is valid when the scattering potential is isotropic and short-ranged.
However, when there are multiple bands contributing to the conduction, the nonlinear resistivity would still
depend on the relaxation time of each band even if the relaxation times are momentum independent. To see this,
let us consider a simple case of two bands with constant relaxation times τa and τb. The total current density is
the sum of the contributions from the two bands (neglecting interband transition); for a simple 1-D problem in
which an electric field is applied in the x-direction, the total current density is given by
jx = ja,x + jb,x = (ca,1τa + cb,1τb)Ex + (ca,2τ
2
a + cb,2τ
2
b )E
2
x +O(E
3
x) , (23)
𝜆 = 0
𝜆 > 0
𝐵𝑥 > 0, 𝐵𝑦 = 𝐵𝑧 = 0
𝑩 = 0
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Figure 3. Magnetic-field induced deformation of the surface energy dispersion ε(k). The top panels show the Dirac cones
in the absence of the hexagonal warping (λ = 0), and the bottom panels show those in the presence of the hexagonal
warping (λ 6= 0). In each panel, the Dirac cone in the absence of the external magnetic field is depicted in blue color,
whereas that in the presence of the external magnetic field is depicted in orange color.
where ca(b),1 and ca(b),2 are coefficients independent of τa, τb and Ex. The resistivity can be obtained by
ρxx = Ex/jx ; up to the 2nd order in Ex, we get,
ρxx ∼= 1
ca,1τa + cb,1τb
[
1−
(
ca,2τ
2
a + cb,2τ
2
b
ca,1τa + cb,1τb
)
Ex
]
+O(E2x) . (24)
We see that the τ -dependence of ρxx disappears in the single-band case when either ca,i or cb,i (i = 1, 2) are set
to zero; however, the nonlinear resistivity (i.e., the term linear in Ex) in general depends on the relaxation times
in the two-band case when both ca,i and cb,i remain finite. The same conclusion holds for multiple-band (i > 3)
cases.
3.4 Influence of the Berry phase effect on BMER
Hitherto we have not considered the influence of the Berry curvature of the surface bands on the nonlinear
transport, which we shall justify below. Qualitatively speaking, the BMER effect relies on the hexagonal warping
term which becomes important when the Fermi level lies far away from the Dirac point, as we have discussed
in Sec. 3.2, whereas the Berry curvature effect is profound when the Fermi level is close to Dirac point. For the
Bi2Se3 investigated in the recent experiment,
45 the Fermi level lies far away from the Dirac point, and hence the
Berry curvature effect on the BMER is negligible. Below, we will perform an order-of-magnitude estimation to
confirm this.
In the presence of an external magnetic field, the Berry curvature alters the transport property in two ways:
1) a correction to the density of states 48,49 as
D¯ (k) ≡ 1 + e
~
Ω(k) ·B (25)
and 2) a correction to the total band energy due to the orbital magnetic moment,49 i.e.,
εM (k) = ε (k)−m (k) ·B . (26)
From the full Hamiltonian of the surface states (1), we can derive the following general expression for the Berry
curvature
Ω (k) = − α~
2
2 |ε (k)|3
[
α
(
gµBBz − 2λk3 cos 3φk
)
+ 3λk2gµB (Bx sin 2φk +By cos 2φk)
]
zˆ . (27)
And for the two-band model, one can easily show that the orbital magnetic moment is proportional to the
product of the energy dispersion and the Berry curvature, i.e.,
m (k) =
e
~
ε(k)Ω (k) , (28)
where the energy dispersion of the upper band, ε(k), is given by Eq. (4) with s = 1.
Equipped with Eqs. (25) - (28), we are ready to estimate the sizes of Berry curvature effects on the BMER.
Using the following material parameters relevant to the experiments:45 α = 5 × 105 m/s, λ = 165 eV·A˚3,
εF = 0.256 eV, g = 2, Bx = By = Bz = 5 T, and kF ∼ εFα~ = 7.8× 108 m−1 , we obtain
max
(∣∣∣ e~Ω (k) ·B∣∣∣) ∼ 0.003 1
and
max (|m (k) ·B|) ∼ 0.001 eV λk3F < α~kF ' εF ,
where λk3F ∼ 0.08 eV. We thus conclude that the influence of the Berry curvature on the BMER can be neglected
in our present case of interest.
4. SUMMARY AND CONCLUSION
In this paper, we have developed a transport theory for a new kind of nonlinear magnetoresistance on the surface
of three dimensional TIs. At variance with the UMR effect in magnetic bilayers, the nonlinear magnetoresistance
does not require the presence of a conducting ferromagnetic layer and scales linearly with both the applied electric
and magnetic fields; for this reason, we name it bilinear magneto-electric resistance (BMER). We have also shown
that the sign and the magnitude of the BMER depends sensitively on the orientation of the current with respect
to the magnetic field as well as the crystallographic axes – a property that can be utilized to map out the spin
texture of the topological surface states via simple transport measurement.
The physical origin of the BMER is a partial conversion from the nonlinear spin current to charge current in the
presence of an external magnetic field. An analytical expression of the BMER is derived based on a semiclassical
Boltzmann transport theory in the relaxation time approximation, which allows us to further examine various
aspects of the BMER. We find that, in addition to the spin-momentum locking of the topological surface states,
the cubic hexagonal warping term also plays a crucial role in generating the BMER – the BMER vanishes in
the absence of the hexagonal warping since in this case the external magnetic field can no longer deform the
Fermi contour (provided that the Fermi level is not too close to the Dirac point). Also, we have shown that, the
Berry curvature effect is unimportant when the Fermi level is far away from the Dirac point in which case the
hexagonal warping effect is profound.
Acknowledgments
We are grateful to Pan He, Hyunsoo Yang, Guang Bian, Axel Hoffmann, Olle Heinonen, Shufeng Zhang and
Albert Fert for helpful discussions. The theoretical framework for the BMER was developed by S. S.-L. Zhang
and G. Vignale at the University of Missouri and was supported by NSF Grants DMR-1406568. Detailed analysis
of various aspects of the BMER as well as the manuscript preparation was done by S. S.-L. Zhang at Argonne
National Laboratory and was supported by Department of Energy, Office of Science, Materials Sciences and
Engineering Division through Materials Theory Institute.
REFERENCES
[1] Baibich, M. N., Broto, J. M., Fert, A., Van Dau, F. N., Petroff, F., Etienne, P., Creuzet, G., Friederich,
A., and Chazelas, J., “Giant magnetoresistance of (001)Fe/(001)Cr magnetic superlattices,” Phys. Rev.
Lett. 61, 2472–2475 (1988).
[2] Binasch, G., Gru¨nberg, P., Saurenbach, F., and Zinn, W., “Enhanced magnetoresistance in layered magnetic
structures with antiferromagnetic interlayer exchange,” Phys. Rev. B 39, 4828–4830 (1989).
[3] Parkin, S. S. P., More, N., and Roche, K. P., “Oscillations in exchange coupling and magnetoresistance in
metallic superlattice structures: Co/Ru, Co/Cr, and Fe/Cr,” Phys. Rev. Lett. 64, 2304–2307 (1990).
[4] Dyakonov, M. and Perel, V., “Current-induced spin orientation of electrons in semiconductors,” Phys. Lett.
A 35(6), 459 – 460 (1971).
[5] Hirsch, J. E., “Spin Hall effect,” Phys. Rev. Lett. 83, 1834–1837 (1999).
[6] Zhang, S., “Spin Hall effect in the presence of spin diffusion,” Phys. Rev. Lett. 85, 393–396 (2000).
[7] Vignale, G., “Ten years of spin hall,” J. Supercond. Novel Magn. 23, 3 (2010).
[8] Sinova, J., Valenzuela, S. O., Wunderlich, J., Back, C. H., and Jungwirth, T., “Spin Hall effects,” Rev. Mod.
Phys. 87, 1213–1260 (2015).
[9] Bychkov Yu. A., R. E. I., “Properties of a 2d electron gas with lifted spectral degeneracy,” JETP Let-
ters 39(2), 78 (1984).
[10] Edelstein, V., “Spin polarization of conduction electrons induced by electric current in two-dimensional
asymmetric electron systems,” Solid State Commun. 73(3), 233 – 235 (1990).
[11] Tokatly, I. V., Krasovskii, E. E., and Vignale, G., “Current-induced spin polarization at the surface of
metallic films: A theorem and an ab initio calculation,” Phys. Rev. B 91, 035403 (2015).
[12] Avci, C. O., Garello, K., Ghosh, A., Gabureac, M., Alvarado, S. F., and Gambardella, P., “Unidirectional
spin Hall magnetoresistance in ferromagnet/normal metal bilayers,” Nat Phys 11(7), 570–575 (2015).
[13] Olejn´ık, K., Nova´k, V., Wunderlich, J., and Jungwirth, T., “Electrical detection of magnetization reversal
without auxiliary magnets,” Phys. Rev. B 91, 180402 (2015).
[14] Avci, C. O., Garello, K., Mendil, J., Ghosh, A., Blasakis, N., Gabureac, M., Trassin, M., Fiebig, M.,
and Gambardella, P., “Magnetoresistance of heavy and light metal/ferromagnet bilayers,” Appl. Phys.
Lett. 107(19) (2015).
[15] Langenfeld, S., Tshitoyan, V., Fang, Z., Wells, A., Moore, T. A., and Ferguson, A. J., “Exchange magnon
induced resistance asymmetry in permalloy spin-Hall oscillators,” Appl. Phys. Lett. 108(19), 192402 (2016).
[16] Li, T., Kim, S., Lee, S.-J., Lee, S.-W., Koyama, T., Chiba, D., Moriyama, T., Lee, K.-J., Kim, K.-J., and
Ono, T., “Origin of threshold current density for asymmetric magnetoresistance in Pt/Py bilayers,” Appl.
Phys Express 10(7), 073001 (2017).
[17] Yasuda, K., Tsukazaki, A., Yoshimi, R., Takahashi, K. S., Kawasaki, M., and Tokura, Y., “Large unidirec-
tional magnetoresistance in a magnetic topological insulator,” Phys. Rev. Lett. 117, 127202 (2016).
[18] Yin, Y., Han, D.-S., de Jong, M. C. H., Lavrijsen, R., Duine, R. A., Swagten, H. J. M., and Koopmans,
B., “Thickness dependence of unidirectional spin-hall magnetoresistance in metallic bilayers,” Appl. Phys.
Lett. 111(23), 232405 (2017).
[19] Lv, Y., Kally, J., Zhang, D., Lee, J. S., Jamali, M., Samarth, N., and Wang, J.-P., “Unidirectional spin-hall
and rashba-edelstein magnetoresistance in topological insulator-ferromagnet layer heterostructures,” Nat.
Commun. 9(1), 111 (2018).
[20] Borisenko, I. V., Demidov, V. E., Urazhdin, S., Rinkevich, A. B., and Demokritov, S. O., “Relation between
unidirectional spin Hall magnetoresistance and spin current-driven magnon generation,” arXiv:1806.06581 .
[21] Onur Avci, C., Mendil, J., Beach, G. S. D., and Gambardella, P., “Origins of the unidirectional spin Hall
magnetoresistance in metallic bilayers,” arXiv:1806.05305 .
[22] Huang, S. Y., Fan, X., Qu, D., Chen, Y. P., Wang, W. G., Wu, J., Chen, T. Y., Xiao, J. Q., and Chien,
C. L., “Transport magnetic proximity effects in platinum,” Phys. Rev. Lett. 109, 107204 (2012).
[23] Nakayama, H. et al., “Spin Hall magnetoresistance induced by a nonequilibrium proximity effect,” Phys.
Rev. Lett. 110, 206601 (2013).
[24] Chen, Y.-T., Takahashi, S., Nakayama, H., Althammer, M., Goennenwein, S. T. B., Saitoh, E., and Bauer,
G. E. W., “Theory of spin Hall magnetoresistance,” Phys. Rev. B 87, 144411 (2013).
[25] Miao, B. F., Huang, S. Y., Qu, D., and Chien, C. L., “Physical origins of the new magnetoresistance in
Pt/YIG,” Phys. Rev. Lett. 112, 236601 (2014).
[26] Zhang, S. S.-L., Vignale, G., and Zhang, S., “Anisotropic magnetoresistance driven by surface spin-orbit
scattering,” Phys. Rev. B 92, 024412 (2015).
[27] Grigoryan, V. L., Guo, W., Bauer, G. E. W., and Xiao, J., “Intrinsic magnetoresistance in metal films on
ferromagnetic insulators,” Phys. Rev. B 90, 161412 (2014).
[28] Zhang, S. S.-L. and Zhang, S., “Angular dependence of anisotropic magnetoresistance in magnetic systems,”
J. Appl. Phys. 115(17), 17C703 (2014).
[29] Dyakonov, M. I., “Magnetoresistance due to edge spin accumulation,” Phys. Rev. Lett. 99, 126601 (2007).
[30] Ve´lez, S., Golovach, V. N., Bedoya-Pinto, A., Isasa, M., Sagasta, E., Abadia, M., Rogero, C., Hueso, L. E.,
Bergeret, F. S., and Casanova, F., “Hanle magnetoresistance in thin metal films with strong spin-orbit
coupling,” Phys. Rev. Lett. 116, 016603 (2016).
[31] Wu, H., Zhang, X., Wan, C. H., Tao, B. S., Huang, L., Kong, W. J., and Han, X. F., “Hanle magne-
toresistance: The role of edge spin accumulation and interfacial spin current,” Phys. Rev. B 94, 174407
(2016).
[32] Zhang, S. S.-L. and Vignale, G., “Nonlocal anomalous Hall effect,” Phys. Rev. Lett. 116, 136601 (2016).
[33] Zhang, S. S.-L. and Vignale, G., “Theory of unidirectional spin Hall magnetoresistance in heavy-
metal/ferromagnetic-metal bilayers,” Phys. Rev. B 94, 140411 (2016).
[34] Zhang, S. S.-L. and Vignale, G., “Theory of unidirectional magnetoresistance in magnetic heterostructures,”
Proc.SPIE 10357, 1035707 (2017).
[35] Takahashi, S., Saitoh, E., and Maekawa, S., “Spin current through a normal-metal/insulating-ferromagnet
junction,” J. Phys.: Conf. Ser. 200, 062030 (2010).
[36] Kajiwara, Y., Harii, K., Takahashi, S., Ohe, J., Uchida, K., Mizuguchi, M., Umezawa, H., Kawai, H.,
Ando, K., Takanashi, K., Maekawa, S., and Saitoh, E., “Transmission of electrical signals by spin-wave
interconversion in a magnetic insulator,” Nature 464(7286), 262–266 (2010).
[37] Zhang, S. S.-L. and Zhang, S., “Magnon mediated electric current drag across a ferromagnetic insulator
layer,” Phys. Rev. Lett. 109, 096603 (2012).
[38] Zhang, S. S.-L. and Zhang, S., “Spin convertance at magnetic interfaces,” Phys. Rev. B 86, 214424 (2012).
[39] Cornelissen, L. J., Liu, J., Duine, R. A., Youssef, J. B., and van Wees, B. J., “Long-distance transport
of magnon spin information in a magnetic insulator at room temperature,” Nat Phys 11(12), 1022–1026
(2015).
[40] Li, J., Xu, Y., Aldosary, M., Tang, C., Lin, Z., Zhang, S., Lake, R., and Shi, J., “Observation of magnon-
mediated current drag in Pt/yttrium iron garnet/Pt(Ta) trilayers,” Nat Commun 7 (2016).
[41] Wu, H., Wan, C. H., Zhang, X., Yuan, Z. H., Zhang, Q. T., Qin, J. Y., Wei, H. X., Han, X. F., and Zhang,
S., “Observation of magnon-mediated electric current drag at room temperature,” Phys. Rev. B 93, 060403
(2016).
[42] Fu, L., “Hexagonal warping effects in the surface states of the topological insulator Bi2Te3,” Phys. Rev.
Lett. 103, 266801 (2009).
[43] Hamamoto, K., Ezawa, M., Kim, K. W., Morimoto, T., and Nagaosa, N., “Nonlinear spin current generation
in noncentrosymmetric spin-orbit coupled systems,” Phys. Rev. B 95, 224430 (2017).
[44] Ideue, T., Hamamoto, K., Koshikawa, S., Ezawa, M., Shimizu, S., Kaneko, Y., Tokura, Y., Nagaosa, N.,
and Iwasa, Y., “Bulk rectification effect in a polar semiconductor,” Nature Physics 13, 578 EP – (2017).
[45] He, P., Zhang, S. S.-L., Zhu, D., Liu, Y., Wang, Y., Yu, J., Vignale, G., and Yang, H., “Bilinear mag-
netoelectric resistance as a probe of three-dimensional spin texture in topological surface states,” Nature
Physics 14(5), 495–499 (2018).
[46] He, P., Walker, S. M., Zhang, S. S.-L., Bruno, F. Y., Bahramy, M. S., Lee, J. M., Ramaswamy, R., Cai, K.,
Heinonen, O., Vignale, G., Baumberger, F., and Yang, H., “Observation of out-of-plane spin texture in a
SrTiO3(111) two-dimensional electron gas,” Phys. Rev. Lett. 120, 266802 (2018).
[47] He, P., Zhang, S. S.-L., Zhu, D., Shi, S., Yu, J., Heinonen, O., Vignale, G., and Yang, H. (unpublished).
[48] Xiao, D., Shi, J., and Niu, Q., “Berry phase correction to electron density of states in solids,” Phys. Rev.
Lett. 95, 137204 (2005).
[49] Xiao, D., Chang, M.-C., and Niu, Q., “Berry phase effects on electronic properties,” Rev. Mod. Phys. 82,
1959–2007 (2010).
